Axial anomaly: the modern status. 
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O ■ Abstract 



The modern status of the problem of axial anomaly in QED and QCD is reviewed. 
Two methods of the derivation of the axial anomaly are presented: 1) by splitting of 
coordinates in the expression for the axial current and 2) by calculation of triangle 
. diagrams, where the anomaly arises from the surface terms in momentum space. It is 

\^ \ demonstrated, that the equivalent formulation of the anomaly can be given, as a sum 

CN ■ rule for the structure function in dispersion representation of three point function of 

AVV interaction. It is argued, that such integral representation of the anomaly has 
some advantages in the case of description of the anomaly by contribution of hadronic 
states in QCD. The validity of the t'Hooft consistency condition is discussed. Few 
■ examples of the physical application of the axial anomaly are given. 

Ph! PACS numbers: 11.15.-q, ll.30.Qc, 12.38.Aw 
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X 1 Introduction 

The phenomenon of anomaly plays an important role in quantum field theory: in many cases 
it determines whether or not the theory is selfconsistent and can be realized in the physical 
world and, therefore, allows one to select the acceptable physical theories. In the given 
theory the anomalies often are related to appearance of new quantum numbers (topological 
quantum numbers), result in emerging of mass scale, determine the spectrum of physical 
states. So, despite of its denomination, the anomaly is a normal and significant attribute of 
any quantum field theory. 

The term "anomaly" has the following meaning. Let the classical action of the theory 
to obey some symmetry, i.e. it is invariant under certain transformations. If this symmetry 
is violated by account of quantum corrections, such a phenomenon is called an "anomaly" . 
(The reviews of anomalies are given in [1]-[1].) There are two types of anomalies - internal 
and external. In the first case the gauge invariance of the classical Lagrangian is destroyed 
at the quantum level. The theory becomes nonrenormalizable and cannot be considered as a 
selfconsistent theory. The standard method to solve this problem is the special choice of fields 
in the Lagrangian in such a way, that all internal anomalies are cancelled. (The approach is 
used in the Stanford Model of electroweak interaction - it is the Glashow, Illiopoulos, Maiani 
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mechanism.) The external anomaly corresponds to violation of symmetry of interaction with 
external sources, not related to gauge symmetry of the theory. Just such anomalies take 
place in QCD and are considered below. There are two anomalies in QCD: the axial (chiral) 
anomaly and the scale anomaly. Both are connected with singularities of the theory at small 
distances (at large momenta) and with the necessity of regularization: the regularization 
procedure, which respects to the symmetry, does not exist and the symmetry is violated by 
the anomaly. In QCD the evidence of anomalies came from perturbation theory, but, in fact, 
their occurance follows from general principles. 



2 The derivation the axial anomaly by coordinate split- 
ting 

The axial anomaly in QCD is very similar to those in massless QED. For this reason let us 
first consider the latter. The equations of motion of QED in the external electromagnetic 
field Af^{x) have the form: 

^'^^~dx — ^ "^^(^) ~ e'^^A^,{x)^{x). (1) 

In massless QED, classically, i.e. without the account of radiation corrections, the axial 
current j^^ix) is conserved like the vector current, 

^^,J^5{x) = d^j^{x) = 0. (2) 

However, it appears, that in quantum theory with the account of radiation corrections, it 
is impossible to keep the conservation of both currents - vector and axial. The origin for 
this comes from singular character of the currents. Vector and axial currents are composite 
operators built from local fermion fields and the products of local operators are singular, 
when their points coincide, as it is in the cases of V and A currents. In order to consider the 
problem correctly, define the axial current by placing two fermion fields at distinct points, 
separated by the distance e, and go to the limit e — in the final result. 



j^l5{x, e) =ij[x + ^ )7^75 exp 



x+e/2 

(3) 



ie J dyaAaiy) 

x-e/2 



The exponential factor in ([3]) is introduced in order that the operator be locally gauge 
invariant. The divergence of axial current ([3]) is equal (the equation of motion ([1]) is exploited 
and the first term in the expansion in powers of e was retained): 

df,j^5ix,e) = 2imi)(^ + 075^ (a; - - iee^^)!^ + 07^75^^ (a; - 0^a/., (4) 

where Fa^ is the electromagnetic field strength. For simplicity assume that F^jy=const. 
Take the vacuum average of Eq.(jlj). In the r.h.s. of (j4]) it can be used the expression for the 
electron propagator in the constant external electromagnetic field. The electron propagator 

5„^(a;) = (0|T{V'„(x),V'/3(0)}|0) (5) 
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satisfyes the equation: 



^7m(c^m - ieAij,{x)) -m]S{x) = iS'^lx) 



(6) 



It is convenient to choose the fixed point gauge for the electromagnetic field: x^A^(x) = 0. 
Then afj_{x) is expressed through the field strength tensor F^,^ by 



'Xi/Fy^. 



The solution of Eq.([6]) up to linear in F^j_y terms is equal 

i. [ if i 

S{x 



27r2 



^ im 1 , ' 



X^ 



2x2 



16x2 



(7) 



(8) 



where a^j/ = (z/2)(7^7^ — •yulfj.)- The vacuum averaging corresponds to account of the first 
order corrections. In massless QED the first term in the r.h.s. of (j4]) is absent and we get 



(0 I 9^j|j5 I 0) — -^^Fa^Fx^jEfS^Xa—^, ^0123 — 1- 



(9) 



Since there is no specific direction in space-time the limit e — > should be taken symmetri 
cally, 



lim 



The substitution of (ITUi) into 



£->0 52 

gives 



(10) 



where 



/x5 



0/3 



571 



1 



'111 



(12) 



is the dual field strength tensor. The symbol of vacuum averaging is omitted in (fTTI) . because 
in order Eq. lITT]) can be considered as an operator equation. The relation ffTTj) is called 
the Adler-Bell-Jackiw anomaly [5] -[8]. 



3 The derivation of the axial anomaly by the calcula- 
tion of triangle diagrams 

In order to have the better understanding of the origin of the anomaly let us consider the 
same problem in the momentum space. In QED the matrix element for the transition of the 
axial current with momentum q into two real or virtual photons with momenta p and p' is 
represented by the diagrams of Fig.l. The matrix element is equal: 



T^,af3{p,p) = ^f,a(s{p,p) + Tf,fSa{p',p), 



r d^k r 

^^lap{v,v') = -e^y (27r)4'^'^ lt^l5{H ^ - m)"Sa(/<^ - "^)"S/3(/i^- / - m)" 



(13) 
(14) 
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Fig. 1. The diagrams, representing the vacuum expectation value of axial current in the pres- 
ence of external electromagnetic field in QED, a) the direct diagram, b) the crossing diagram. 



Consider the divergence of the axial current q^T^apiViV')) q = p + p'- For q^T^af3{p,p') we 
can write (at m = 0): 

g,r,„^(p,p') = -e'J ^Jr[ (^+ ^+ /- ^)75(^+ r'Mf^- i^Y' \ = 

= -e'J -757. rS/.(^- -75(^+ ^-'l. r'lp ] (15) 

Each of the two terms in square brackets in the right-hand side (r.h.s.) of f|T5l) after integra- 
tion of k depends on only one 4-vector - p or p' . Each of these terms should be proportional 
to the unit totally antisymmetric tensor Sap-yii times the product of two different vectors. 
Since we have only one vector at our disposal, the result is zero. This fact looks to be in 
contradiction with the anomaly relation (fTTI) . However, we cannot trust in this result. The 
arguments are the following. The integral (fT4|) is linearly divergent. In a linearly divergent 
integral it is illegitimate to shift the integration variable: such shift may result in appear- 
ance of the so-called "surface terms". So, if the integration variable k in fll4p . fll5p would be 
changed to k + cp + dp', where c and d are some numbers, qfX fiaiiip^p') would not be zero. 
The other argument against the calculation, performed in f|T5l) . is that T^ai3{,P,p') must sat- 
isfy the conditions of the conservation of vector current: PaT^ai3{p,p') = PpT^a/siPyP') = 0. 
The calculations, performed using the same integration variable, as in f[T^ show, that these 
conditions are not fuUfilled. The question arises if it is possible to choose the integration 
variable in such a way, that q^T^ai3 = and simultaneously PaT/^afB = 0, p'j^T^a/s = 0. Fol- 
lowing Ref.8, consider Tf^a/s, defined by ffT4l) . where the integration variable k is shifted by 
an a arbitrary constant vector a\, kx ^ kx + ax. We can write 

r^<a/3(P,P';a) = ^t^at3iP,P') + A^„^ (p, p', fl) (16) 
^t^af3iP,p'; a) = T^afiiP,P)k->k+a " T^apiP,p') (17) 

where T^af3{p,p') is given by (IT^ and, therefore q^X ij.a(i{p,p') = according to (ITSl) . 
^nai3{p,p')k^k+a is obtained from (fT4l) by substituting kx ^ kx + clx. A^q,^(p, p'; a) is the 
surface term, the integral is convergent and its calculation gives [8]: 

— —-^—^£fiaf3-y(^y (18) 



4 



Generally, a\ is expressed in terms of two vectors, involved in the problem - p and p', 
oa = (a + b)p\ + hp')^. Accounting the crossing diagram, we get: 



T^,ap{p,p', a) = T^ap{p,p') - —ae^a^^ip^ - p' ). (19) 



57r 



The matrix element of the divergence of the axial current appears to be equal: 



q,^T^ap{p, p'; a) = q^Tf^apip, p') + -^a£aM<^P-tP'a- (20) 

As it was demonstrated above, the first term in r.h.s. of (!20l) . vanishes in the limit of massless 
quarks (the Sutherland- Veltman theorem [HI [10], see also Ref. [8]). As follows from ( |20l) in 
order to ensure the conservation of the axial current it is necessary to choose a = 0. Such 
choice is just the repetition of the already obtained result in Eq. ffTSj) . Let us check now the 
conservation of vector current. The direct calculation gives: 



PaTf,ap{p,p'; a) = ■^Sf.aP^PaP'.y [l + -j (21) 



and the similar equality for p'pT^apiPiP''-, o)- As follows from (12 ip the conservation of vector 
current can be achieved, if a = —2. That means, that it is impossible to have simultaneously 
the conservation of vector and axial currents in massless QED. Since we are sure, that the 
vector current is conserved, otherwise the photon would be massive and all electrodynamics 
would be ruined, we must choose a = — 2. The substitution of a = — 2 in fl20l) gives back 
Eq.dnD. 

Note, that the first method of the derivation of the anomaly - by the use of coordinate 
splitting in the expression for axial current, is valid for constant external electromagnetic 
field, since Eq. (6.273) corresponds to such case. The second method of the derivation, based 
on consideration of the diagrams of Fig.l is much more general - it is valid for arbitrary 
varying external electromagnetic fields, including the emission of real or virtual photons. In 
this case the anomaly condition has the form: 

r ] 

g/.T^a/3(p,p') = 2mG{p,p') - — Sa/sxaPxp'a- (22) 

L ZTT^ J 

In (122|) the term, proportional to electron mass is retained and G{p,p') is defined by 

(p, p, e'p \ ip-f^ip \ 0) = G{p, p)eap\aP\Pa, (23) 

where e^, ^'p are photon polarizations. 

The proof of the axial anomaly - Eq.'s (llll) . (l22l) can be obtained also by other methods: 
by dimension reqularization scheme, by Pauli - Villars reqularization and by consideration of 
functional integral |ll],[12],[13]. In the latter the axial anomaly arises due to noninvariance 
of the fermion measure in external gauge field at 75 transformations in functional integral. 

Nevertheless, the axial current is not conserved in massless QED, there does exist a 
conserved, gauge invariant axial charge [5], [7], [8]. Define 

3^,r> = JmS " ^^^m^^^^- (24) 
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Fig. 2. The correction to Adler-Bell-Jackiw anomaly in QED. 

The current j^s is conserved, but is not gauge invariant. However, the axial charge 

Q5 = / d'xjo^ix) (25) 

is gauge invariant. 

The axial anomaly in QED was considered till now in order of e^. It was shown, that there 
are no corrections to Eq. (ITT!) in order [5l [6] the argument is that in this order all radiative 
corrections correspond to insertion of photon line inside the triangle diagrams of Fig.l. If 
the integration over the photon momentum is carried out after the integration over the 
fermion loop, then the fermion loop integral is convergent and there is no anomaly. (This 
argumentation was supported by direct calculation [6]). In higher orders of perturbation 
theory any insertions of photon lines and fermion loops inside the triangle of Fig.l diagrams 
do not give the corrections to anomaly [3], [II]- The corrections to Adler-Bell-Jackiw anomaly 
arise from high order diagrams like shown in Fig. 2 [TJ]. The account of Fig. 2 diagram results 
to renormalization of the anomaly term in (ITT!) . (!22l) of the order [5] , [E] , [15] . In this order 

m 

^^3^.5 = ^{F,,uF^u)e.t (^1 - In — ) , (26) 

where A is the ultraviolet cut-off, the axial vector vertex is renormalized and the axial vector 
current, unlike the vector current, acquires the anomalous dimension. 

Turn now to QCD. Here j^s can be identifyed with the current of light quarks. In case 
of interaction with external electromagnetic field if corresponds to the axial current of 
one quark flavour with electric charge Cg the anomaly has the form of Eq.'s(fTTl). (!22l) with 
the only difference, that the r.h.s. is multiplyed by e'^Nc, where Nc is the number of colours. 
In QCD there is also an another possibility, where the external fields are gluonic fields. In 
this case instead of ffTTj) we have: 

dfiitJib = -^^C^^G"^^, (27) 

where is the gluon field strength and G"^^ is its dual. Eq. fl271) can be considered as an 
operator equation and the fields G" , G" can be represented by virtual gluons. Note, that 
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due to the same argumentation as in case of radiation correction to the anomaly in QED, 
the perturbative corrections to (l27Il start from a^. Evidently, the flavour octet axial current 

j;5 = E^'^7/.75(AV2)^„ ^ = 1,...8 (28) 
q 

is conserved in QCD. (Here A* are Gell-Mann SU{3) matrices and the sum is performed over 
the flavours of light quarks, q = u,d, s.) Neglecting u,d,s quark masses, we have instead of 

d,jU = 0- (29) 
However, the anomaly persists for singlet axial current 

^5=11^^97^75^5, (30) 



From fl2I?l) . flHT]) it follows, that because of spontaneous chiral symmetry breaking the octet of 
pseudoscalar mesons (vr, K, rj) is massless - in the approximation rrig 0, they are Goldstown 
bosons, while the singlet pseudoscalar meson - the r]' - remains massive. Therefore, the 
occurance of anomaly solve the so called U{1) problem |16|. (The detailed exposition of this 
statement is given in [TTj, see also [I8],[l9] for review.) 



4 The spectral representation of the three point AVV 
function and the axial anomaly 

Return now to QED and consider the matrix element of the transition of the axial current 
into two real or virtual photons, i.e. the function T^Q,^(p, p') f|T3l) . described by the diagrams 
of Fig.3.2.1, where the internal lines correspond to propagators of electrons. The general 
expression for {p,p'), which satisfyes the Bose symmetry of two photons, reads [5] , [7] , [20] : 

T^,ap{p,p') = Ai{p,p)S^at3 - Ai{p',p)S'^^p + A2{p,p')pf3Rf,a- 

- A2{p',p)p'^Rf,p + A^{p,p')p'pR^^ - A^{p' ,p)p^R^p, (32) 

where 

Rp.v — ^fj.upaPpPai S^af3 — ^pajSaPai ^ ^a(3 ~ ^lia/SaPa- (33) 

The vector current conservation leads to 

Ai{p,p') = {pp')A2{p,p')+p'^A^{p,p') 

Ai{p',p) = {pp')A2{p\p) +p^A.^{p',p) (34) 

Using the identity 
we derive 

PaRpLU - PfxRau + PvRap + {PP')Sapiy " P^ S'^^^ = 
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l2 q 



0. 



(36) 



The Lorenz structures 5*0-^1, and S'^^^ are retained in fl32|) in order to avoid kinematical 
singularities [20]. Let us put = p'^ < 0. Using flMl) and the identities (|36|) Tf^ai3{(l,P,p') 
can be expressed in terms of two functions - and F2(g^,p^) [2T], [22] : 



Tf,ai3{p,p') =Fi{q ,p )qf,eappaPpP'„ 



\F2{q\p') 



( _ i\ _P^ ' I E£ ' 

^HafSa-yP P )cr ^2 ^ f^f^P'^PpPo^ P-'^P^^P^'^ 



(37) 



If 7^ 0, the form factors Fi(g^,p^) = —A2 and F2(g^,p^) = 2yli are free of kinematical 
singularities [22] . Consider now the divergence 



q,iTf,at3{p,p') = [ F2(g^/) + q^Fi{q^,p'^) ]eappaPpPa- (38) 
The substitution in the l.h.s. of (J38i) of the anomaly condition (1221) gives the sum rule [21] 



i^2(g',p') + g'i^i(g',p') = 2mG{q\p') - 



27r2 



(39) 



The functions Fi(g^, p^), ^2(5^, p^) and G{q'^,p'^) can be represented by the unsubtracted 
dispersion relations in g^: 



Mq',p'' 



1 

TT 



4m^ 



Imfi(t,p'^ 
t-q" 



-dt. 



fi — Fi, F2, G. 



The direct calculation of Im Fi(g^,p^) gives [21 



Jm Fi(g ,p ) 



2p2 f + 2p2 



X 



27r g2 I (g2 _ 4p2)2 
In 



4^2 y/2 2p2(g2_2p2 



+ 



(g2)l/2(g2_4p2)5/2 



2 g2 _ 4^2^ ^2 _ 2p2 _ [(^2 _ 4^2) (^2 _ 4^2)] 1/2 



At p2 = 



and at large 



q^-p , 2 
g2 - 2p2 ^ 2(p2)2 

Im Fi(g^O) 



g2 - 2p2 + [(g2 _ 4^2) (^^2 _ 4p2)jl/2 



e^m^ l + A/l-4mVg2 
In 

^ q^ 1 - Jl -4m2/g2' 



/ 9 \ 

Jm Fi(g ,p) ~ — ; 



2j92 



2 2 

1 + — In — 

gZ 



27r g4 

For imaginary parts of Fi, F2,G we have the relation: 

ImF2{q ,p ) + q IniFi[q ,p ) = 2mImG{q ,p ). 



(40) 



(41) 



(42) 



(43) 



(44) 



As follows from and (jSj) F2{q'^,p'^) and G{q'^,p'^) are decreasing as l/g^ at ^ oo. 



Therefore, the nonsubtracted dispersion relation fHU]) are legitimate. From 
rule 

oo 2 

1 ImFi{t,p^)dt= ^ 



the sum 
(45) 



4m2 



follows. The sum rule (1451) has been verified explicitly by Frishman et al [23] for < 0,m = 
0, by Hofejsi [21j at = p'^ < and by Veretin and Teryaev [21] in general case, p"^ ^ p'"^. 

Consider now the transition of axial current into two real photons in QCD with one 
fiavour of unit charge. Instead of (1451) we have 

oo 

J ImFi{t,0)dt = 2aNc. (46) 

-^2(9^, P^) should vanish at ^ in order that T^ai3{p,p') have no pole there, which would 
correspond to massless hadronic state in J^*" = 1 channel. In the limit of massless quarks, 
rrig = 0, the r.h.s. of (l39l) is given by the anomaly and in QCD we have 

/ 9 N 2aNc 1 
Fi{q',OU.=o = --, 47 

T^,ap{p,p') = -'^Nc^EapXaPxp'a- (48) 



The imaginary part of Fi{q , 0) at = is proportional to S{q ) 

Im F^{q\ 0)„2=o = 2aN,5{q^) (49) 
and the sum rule (l46l) is saturated by the contribution of zero-mass state. It is interesting 

2 



to look how the limit — > 0, ^ proceeds. At ruq ^ Im Fi{q^ , 0) is equal [25 



^2 1 + Jl - 4m2/g2 
I^F^ifM-^aN.-^^^ J ' (50) 



and in the limit — 0, g — indeed we get (H9l) . The most interesting case is, when the 
current is equal to the third component of the isovector current 

4? = - dl^,lbd. (51) 

Then at p2 = ^'2 ^ ^2 ^ ^2 ^ q 

Tf,ap{p,p') = -—Nc^iel - eDsa^xaPxp'a- (52) 
vr g^ 

The amplitude T^ap corresponds to the transition of isovector axial current into two 
photons. Eq. fl52|) is consistent with the fact that the transition proceeds through virtual 7r° 
and tt" is massless at = (the pole in the amplitude at g^ = 0) ^25]. Then the process is 
described by the diagram like Fig. 3. The use of relation (0 | j^5^ | 7r°) = \/2ifT,qii determines 
the amplitude of 7r° — 27 decay 

M(7r° -> 27) = Aeaf3Xa£la£2f3PlXP2cT, (53) 

where eia and £2/3 are the polarizations of the first and the second photons. From (!52l) the 
constant A is found to be 

. 2a 1 

A = ^ 54 
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Fig. 3. The diagram describing the transition of of isovector axial current (marked by cross) 
into two photons through virtual 7r°. 

and the vr'' 27 decay rate is equal 

r(vr° - 27) = -f^^. (55) 

Eq. (!55l) gives the theoretical value of vr^ — > 27 decay width r(7r° — > 2'^)theor = 7.7 eV in very 
good agreement with experimental value r(7r° — > 27)oxp = 7.8 + 0.6 eV [IB]. (The accuracy 
of theoretical value fl55p is 5-7%. The higher accuracy of theoretical prediction was achieved 
in [27j in the framework of GET and l/N^. expansion.) 

Despite of the fact, that the axial anomaly results in appearance of massless vr" in the 
transition of isovector axial current into two photons and predicts well the 7r° decay rate, it 
is incorrect to say that the existence of massless pseudoscalar Goldstone bosons (at niq = 0) 
are caused by the anomaly. The reasons are the following. Im Fi(g^,p^) has 5(q'^) singularity 
at = 0. According to the Chiral Effective Theory (GET) it is expected that the same 
singularity persist in the case of 7^ - the diagram of Fig. 3. contributes in this case 
as well. However, the examination of Im Fi(g^,p^), Eq. (HT]) shows, that /mFi(g^,p^) is a 
regular function of near = at 7^ 0. The sum rules fHSl) . fl46p are satisfyed by the 
triangle diagram contribution at 7^ 0. Therefore, it is fulfilled the statement of GET, that 
the transition of into 27's with 7^ is described by the diagram of Fig.3.2.3 with the 
same 7r° ■ 27 coupling constant as at p^ = 0, but only in the sense of integrals P5|) . fj46|) . not 
locally. (It is assumed that | p^ | is less than GET characteristic mass scale). Gonsider now 
the transition of 8-th component of octet axial current 

jI? = ^ {u7^,-f5U + d-i^-i^d - 2^7^75^) (56) 

into two real photons at = = = 0. The amplitude Fi{q'^^ 0) has a pole at = 0, 
which can be attributed to ?7-meson. The 7] —>■ 2^ decay width is given by the relation, 
analogous to (|55|1 

However, strongly disagrees with experiment: T{ri 2'~^)theor = 0.13 keV (at = 150 
Mev) in comparison with r(?7 27)cxp = 0.510 ± 0.026 keV The possible explanation 
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of this discrepancy is strong nonperturbative interactions hke instantons, which persist in 
pseudoscalar channel (see |2H])- The rjrj' mixing remarkably increases r(?7 — >■ 27). Another 
discrepancy arises, if we consider the the transition j^g^ 27, where j'^^ is the singlet axial 
current: ^ 

jjS = y|(M7M75« + dl,il5d + 57^755)- (58) 

Since at rriu = = nig = there are the poles at = in -Fi(g^, 0) for each quark flavour, 
the transition amplitude T^apiq.P.p') has a pole at = 0. The corresponding pseudoscalar 
meson is rj'. But rj' is not a Goldstone boson - it is massive! The possible explanation is the 
important role of instantons in rj' — > 27 decay p9] and that the contribution of the diagram 
similar to Fig. 3 (with virtual gluons instead of virtual photons) and, may be, the ladder 
(or parquet) of box diagrams is of importance here [21]. (We do not touch the theoretical 
determination of 77 — >• 27 and rj' — >• 27 decay rates by using additional hypothesis, besides 
the anomaly condition - see [30] and references therein.) 

Turn now back to Eq.'s fl45l) . (H6l) . These equations are equivalent to anomaly conditions. 
The integrals in the l.h.s. of these equations are convergent. [Im Fi{q'^,p'^)q2^^ ~ 1/?^)- 
This means, that with such interpretation the anomaly arises from finite domain of q^. 
Eq. (1451) can be rewritten in another form[24j: 

hm q\F,iq^p') = ^. (59) 

This form returns us to initial interpretation of the anomaly, as corresponding to the domain 
of infinitely large q^. So, it is possible to speak about the double face of the anomaly: from 
one point of view it corresponds to large g^, from the other - its origin is connected with 
finite q^. As is clear from the discussion above, both points of view are correct. These 
two possibilities of interpretation of the anomaly are interconnected by analyticity of the 
corresponding amplitudes. 

t'Hooft suggested the hypothesis, that the singularities of amplitudes, calculated in QCD 
on the level of quarks and gluons shall be reproduced on the level of hadrons (the so called 
t'Hooft consistency condition [31]). Of course, if it is possible to prove, that such singularity 
cannot be smashed out by perturbative and nonperturtbative corrections, this statement 
is correct and, even more, it is trivial. But, as a rule, no such proof can be given. In 
the presented above examples of the realization of axial anomaly (with the exception of 
7r° 27 decay) t'Hooft conjecture was not realized. Much better chances are for the duality 
conditions, like Eq. fl46l) . when the QCD amplitude, integrated over some duality interval, 
gives the same result, as the corresponding hadronic amplitude integrated over the same 
duahty interval (the so called quark-hadron duality). 

In QCD the case, when one of the photons in Fig. 3. 2.1 is soft, is of special interest [32]. If 
the momentum of the soft photon is p'^ and its polarization is e^, then, restricting ourselves 
by the linear terms in p'^, the amplitude T^^^e^ can be represented in terms of two structure 
functions: 

T^aps'iS = WT{q^){-q^fa^i + qaqafa^i - q^iqafaa) + 

+ WL{q^)q^q„f„a, (60) 
where ^ 

hv = ^^t^uXaiPxe'^ - pWx)- (61) 
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The first structure is transversal with respect to axial current momentum g^, while the 
second is longitudinal. From the triangle diagram the relation |24j . [33] : 

WL{q^) = 2wT{q^) (62) 

follows. The anomaly condition gives for massless quark: 

a 1 

WL{q^)=2-N,-. (63) 

Because of f l62p this condition determines also the transverse structure function. According 
to the Adler-Bardeen nonrenormalization theorem, there are no perturbative corrections to 
the triangle diagram. But, as was demonstrated in [32] there are nonperturbative correc- 
tions, which at large q^ can be expressed through OPE series in terms of vacuum condensates, 
induced by external electromagnetic field. In terms of OPE Eq. fl63|) represents the contri- 
bution of the dimension 2 operator F^j^. The next in dimension vacuum condensate is the 
quark condensate magnetic susceptibility x((i = 3), defined by 

(0 I qa^,q \ 0)^ = e,F^,(0 | qq \ 0)x, (64) 

which was introduced in [31],[3S]- The index F in flMl) means that the vacuum expectation 
value is taken in the presence of the constant weak electromagnetic field F^^. It was assumed 
in Ref . [32] . that only the lowest hadronic state - the pion contributes to the anomaly and q^ 
in the denominator was substituted by q^ — m^. Then the expansion in in the first order 
and identification of this term with dimension 3 term of OPE (the proportional to term 
in wl) allows one to find the quark condensate magnetic susceptibility 

X = - = -8.9 GeV- (65) 

The value of x, determined from QCD sum rules is equal [36] 

Gev = -4:A ± 0.4 GeV-2 (66) 

The disagreement of (!65|l and (166|1 cannot be considered as a strong discrepancy, x has 
anomalous dimension {d = —16/27). No Os-corrections were accounted in (!65l) . therefore it 
is not clear to what scale the value fl65p refers. The saturation by pion contribution can be 
valid at low scale, where a^-corrections are large. The contribution of excited state are of 
the same order as the pion contribution - there are no small parameter there. For all these 
reasons fl65|) can be considered as the order of magnitude estimation of x and the comparison 
of fl65l) and fl66l) is merely an argument in favour of the used approach. 



5 The axial anomaly and the scattering of polarized 
electron (muon) on polarized gluon 

Consider the scattering of longitudinally polarized electron (muon) on longitudinally polar- 
ized gluon. The first moment of the forward scattering amplitude is proportional to the 
diagonal matrix element 

{9 polar I jfj.5 I 9 polar ), (67) 
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where the gluons are on mass shelL The corresponding Feynman diagrams are the same as 
in Fig.l with the only difference, that the wavy hnes represent now the polarized gluons and 
the lower vertices are the vertices of quark-gluon interaction. Put q = 0,p = —p'^p^ < 0. 
It is convenient to use the light-cone kinematics, where po = P+ + P-I'^i Pz = P+ — P-I'^i 
p^ = 2p_|_p_ < and work in the infinitely fast moving system along the z-direction. The 
matrix element is given by: 

T,{p) = 2^g'NfTr[^-j J j^,Tr{ ^(^ + + m) ^+ ^ + m) } 

1 1 

(68) 



{k"^ — + iey [{p — — + ie] 

Here Nf is the number of flavours. A", n = 1, ...8 are the Gell-Mann SU{3) matrix in colour 
space, m are the quark masses, which are assumed to be equal for all flavours, is the gluon 
polarization vector, 

e^ = ^(0,1,1,0) (69) 

for gluon helicity +1. The contribution of the crossing diagram Fig. 3. 2. lb is equal to the 
direct one and is accounted in fpHl) by the factor 2. The calculation of fIBSl) is performed 
using the dimensional regularization in n 7^ 4 dimensions. According to the t'Hooft-Veltman 
recipe (see, e.g. [2]) it is assumed, that 75 is anticommuting with 7^ at /z = 0, 1,2,3, and is 
commuting with 7^ at /i 7^ 0, 1, 2, 3. After integration over k- it was found for the component 
r5+ |37!: 

asNfp+ j r d^'-^kr r a.. ^ ^ 2 







n 



where = —p^. In the integration over k^ it was enough to take the residue at the pole of 
the last propagator in ( l68l) . what results in the integration domain inkj^: < /c+ < p+, and 
allowed to put /c+ = xp^ . The last term in (170|) arised from n — 4 regulator dimensions and 
is proportional to k^, where k is the projection of k into these dimensions. The azimuthal 
average gives = k'^in — 4)/(n — 2). 

The first term in the curly brackets in (iTOl) vanishes after integration over x. (In fact, 
the equal to zero result after integration over x is multiplyed by divergent integral over kx- 
So, strictly speaking, this term is uncertain. This problem will be discussed later.) After 
integration over kx-, using the rules of dimensional regularization and going to n = 4, we get 



1 



agNfp^ I f 2m {l~x)dx 

5+ = - 



TT 



m? + P'^xil — x) ^ ^ 







The first term in the r.h.s. of flTTl) arises from the last term in fl70|) and is of ultraviolet 
origin. As was stressed by Gribov [38] and in Ref . [37] it cannot be addressed to any definite 
set of guark-gluon configurations and is a result of collective effects in QCD vacuum. In 
other words, this term can be considered as a local probe of gluon helicity. 
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The magnitude of strongly depends on the ratio iv? / P"^. At iv? / P'^ ^ 1 



(72) 



TT 

In the opposite case, m'^/P^ ^ 1 the second term in r.h.s. of (ITTl) almost entirely cancels 
the first one and approximately 

r5+ ^ 0. (73) 

The real physical situation corresponds to the first case. Gluons do not exist as free particles, 
they are confined in hadrons and their virtualities are of order of inverse confinement radius 
squared, ~ R'"^ > m^. 

Turn now to a more detailed discussion of the contribution of the first term in the 
curly brackets in (1701) . At fixed /ct this contribution is zero, because the integration over 
x: the denominator is symmetric under interchange x ^ {1 — x), while the numerator is 
antisymmetric under such interchange. For the same reason the contribution of this term 
vanishes at dimensional regularization at n 7^ 4. However, the domain of low < P^ 
contributes to the integral over here. In this domain we cannot be sure, that the integrand 
in the first term in (170]) has the same form as it is presented there. If this form is different - 
we know nothing about it - and if it is not symmetric under interchange x (1 — x), then 
nonvanishing infrared contribution to can arise from this term [22] . Consider the simple 
model with infrared cut-off in k"^, 

kl>M\x,P^), (74) 

where M^(x, P^) is some function of x, P^. In the first term of (168!) the integral over k"^ can 
be written as the integral in the limits (0, 00), which vanishes after integration over x, as 
before, minus the integral in the limits (0, M^). As a result, neglecting the term, proportional 
to m^, instead of (TT^I) we get 



5+ 



where 



_asN_iP+ |l - 1 dxil - 2x)[lnr(x) - r(x)]| , (75) 

""^^^ " x(l-x)p2 + M2(x,P2)" ^'^^^ 

Eg. (1751) demonstrates, that the matrix element {gpoiar I j^i5 I Qpoiar) is not entirely con- 
tributed by ultraviolet domain, connected with the anomaly, but can get the contribution 
from infrared region. 

Note, that in the parton model is related to the part of hadron spin carried by gluons 
in polarized hadron: 



{/\g^{)gi = J 9l^iix)dx = (F5+/2p+)[ ggi+ - g^i_ ]. (77) 


Here QgiJ^ and Qgi^ are the numbers of gluons in hadron, with helicities +1 and —1 corre- 
spondingly, Qigi^x) is the contribution of gluons to the structure function gi{x). For polarized 
proton it was found [39] , [IQ] , [H] 



{Agi)gi = '^(991+ - 9gi~)- (7J 
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6 Summary 



The analysis of the axial anomaly was performed not only by the standard methods, but also 
by the use of the less well known method - the method of the spectral representation of the 
three point AVV amplitude |21] , [23] , [21] . It was shown, that the latter has some advantages 
in comparison with the formers. E.g. it allows one to describe not only the decay of vr^ into 
two real photons, as was done earlier [25], but also into two virtual ones. It was argued that 
in cases of octet and singlet axial currents in QCD nonperturbative effects are important. 
The t'Hooft consistency condition was discussed and it was demonstrated, that it is not 
universal: the nonperturbative effects can spoil condition. 
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